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Abstract
We show that the equation of motion from the Dirac-Born-Infeld ef-
fective action of a general scalar field with some specific potentials admits
exact solutions after appropriate field redefinitions. Based on the exact so-
lutions and their energy-momentum tensors, we find that massive scalars
and massless scalars of oscillating modes in the DBI effective theory are
not pressureless generically for any possible momenta, which implies that
the pressureless “tachyon matter” forming at late time of the tachyon con-
densation process should not really be some massive matter. It is more
likely that the tachyon field at late time behaves as a massless scalar of
zero modes. At kinks, the tachyon can be viewed as a massless scalar of
a translational zero mode describing a stable and static D-brane with one
dimension lower. Near the vacuum, the tachyon in regions without the
caustic singularities can be viewed as a massless scalar that has the same
zero mode solution as a fundamental string moving with a critical velocity.
We find supporting evidences to this conclusion by considering a DBI the-
ory with modified tachyon potential, in which the development of caustics
near the vacuum may be avoided.
1 Introduction
There are stable and unstable D-branes in type II superstring theory. In terms of
the descent relation proposed by Sen [1, 2], the unstable D-branes will decay into
the stable ones of lower dimensions driven by the tachyons on the spectrum of
open strings attached to them. Basically, the unstable D-branes can be a single
non-BPS D-brane, on which there is real tachyon field, and a brane-anti-brane
pair, on which there is a complex tachyon field.
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The low energy dynamics of D-branes can be captured by the Dirac-Born-
Infeld (DBI) style effective action. For non-BPS D-branes, the DBI effective
action comprises a real tachyon field T [3, 4]. In the absence of other world-volume
fields, the DBI effective action of a non-BPS Dp-brane is given by [3, 5, 6]
S = −
∫
dp+1xC(T )
√
1 + ηµν∂µT∂νT , (1)
where C(T ) is the runaway tachyon potential which has the maximum value Cm
at T = 0 and the minimum value 0 as |T | → ∞. The tachyon field in this theory
will roll off the top of the potential to the bottom. This DBI action has been
justified in string field theory [7], where it was derived based on a general effective
action setup by adopting a time-dependent tachyon profile T = T+e
βt + T−e
−βt.
However, we encounter some singularities during the spacetime-dependent
evolution of the rolling tachyon in the DBI effective theory. As shown in various
studies, in the inhomogeneous case, the tachyon field develops into two kinds of
regions with time going: defects, or kinks and anti-kinks in the p = 1 case, and
the vacuum. At kinks, the tachyon field vanishes but the field gradient grows with
time. Towards the end of condensation, the kinks become infinitely thin and the
field gradient at kinks grows to infinity [8, 9, 10]. In regions away from kinks and
anti-kinks, the field grows to infinity at the end of condensation, reaching the
vacuum. It is revealed in [11, 12] that the inhomogeneous tachyon field near the
vacuum evolves into a nearly homogenous field, satisfying T˙ ≃ ±1, and that the
equation of motion near the vacuum can be approximated by a simple equation
1 + ∂µT∂
µT ≃ 0. A prominent feature arising from this approximate equation is
that it leads to caustic formation around troughs, where the second derivatives
of the field are positive, since the second and higher derivatives of the tachyon
field blows up at a critical time in these regions [11, 12, 13, 14]. Because of these
singularities, we can not get the complete numerical solutions of tachyon field
based on the equations of motion from the DBI action. The simulations always
cease in finite time such that the spacetime-dependent solutions to the equations
of motion numerically can not be obtained [11, 9, 8].
The fate of the tachyon field is one of the main concerns in the study of the
tachyon condensation process. In terms of the descent relation between stable
and unstable D-branes, the defects correspond to the stable D-branes with fewer
dimensions left at the end of condensation. This point has been verified in the
DBI effective theory [15]. It is found that the massless mode world-volume action
of defects precisely has the DBI form with a constant potential. On the other
hand, from the analysis of the energy-momentum tensor of the tachyon field in
boundary conformal field theory (BCFT) [16, 6], it is found that the tachyon
field approaching the vacuum evolves into a pressureless state with finite energy
density, which is suggested to correspond to some unknown “tachyon matter”.
This result was also obtained in the DBI effective theory [6, 11]. However, in
the DBI effective theory, the energy density is finite only around peaks (i.e.,
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the regions where the second derivatives of the field are negative) but blew up
around troughs where caustics develop [12, 14]. Moreover, since the tachyon
field near the vacuum satisfies the approximate equation 1 + ∂µT∂
µT ≃ 0, it is
also suggested that the tachyon behaves as some massive, non-interacting and
relativistic particles [11, 12].
In this work, we shall show that it is possible to get exact spacetime-dependent
solutions to the equations of motion from the DBI effective action. Starting with
the DBI action of a general scalar field, which can be a tachyon or an ordinary
scalar, we demonstrate that for some specific potentials in the DBI action we can
get exact classical solutions from the equations of motion after appropriate field
redefinitions.
For the tachyon field, the solution after field redefinition is a spacetime-
dependent tachyon profile which is usually adopted in BCFT [2, 16, 17, 18, 19].
A special form of the potential that leads to the tachyon profile solution is the
one derived from string field theory in [7]. However, this spacetime-dependent
tachyon profile solution is complex and so is invalid since we are considering the
DBI theory of a real field. But, based on the equation of motion after field re-
definition, we can explain why the tachyon field evolves into a homogeneous field
at late time, satisfying T˙ ≃ ±1.
For massless and massive scalars, the exact solutions can be real. With these
valid solutions, we can derive their energy-momentum tensors and find that mas-
sive scalars and oscillating massless scalars in the DBI effective theory are not
pressureless generically for any possible momenta. From this point of view, mas-
sive matter in the DBI effective theory should not account for the pressureless
“tachyon matter” forming at late time.
Meanwhile, we find that at late time the solutions of the tachyon field at kinks
and near the vacuum without caustics are respectively analogous to those of a
massless scalar of zero modes under Dirichlet and Neumann boundary conditions.
We argue that the tachyon at a kink behaves as a massless scalar describing a
stable D-brane of one fewer dimension which does not move and fluctuate, while
the tachyon around peaks near the vacuum behaves as a massless scalar that has
the same zero mode solution as a string moving with a critical velocity.
In order to make the conclusion convince, we shall further consider a DBI ac-
tion with a modified tachyon potential. We note that the singularities of caustics
may be cured in this method of modifying the tachyon potential.
This paper is organised as follows. In Sec. 2, we derive the potentials and the
field redefinition functions that can lead to exact solutions in the DBI effective
theory of a general scalar field. In Sec. 3, we calculate the energy-momentum
tensors of massless and massive scalars from their exact solutions. In Sec. 4, by
comparing the energy-momentum tensors of tachyon field with those of ordinary
scalar fields, we argue that the tachyon at late time should be more likely to
behave as a massless scalar in the DBI effective theory. This result can be clearly
seen by considering a DBI theory with modified tachyon potential, as shown in
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Sec. 5. Extensive discussion and conclusions are given in Sec. 6.
2 Exact solutions in the DBI effective theory
We generalise the DBI effective action (1) of a tachyon field T and get the DBI
action of a general real scalar field X :
S = −
∫
dp+1xC(X)
√
1 + ηµν∂µX∂νX, (2)
where C(X) is the potential. For a tachyon, we denote X = T ; For a massless
scalar, we denote X = Y , and for a massive scalar, X = Φ. In this paper, we
use the convention diag(ηµν) = (−,+,+, · · · ). The equation of motion from this
action is:
(1 + ∂X · ∂X)
(
X − C
′
C
)
= ∂µX∂νX∂
µ∂νX, (3)
where X = ηµν∂µ∂νX and C′ = ∂C(X)/∂X .
If one makes the field redefinition:
X = f(φ), (4)
the DBI action (2) changes to:
S = −
∫
dp+1xV (φ)
√
U(φ) + ∂µφ∂µφ, (5)
where the new potential V and the function U are respectively
V (φ) = |f ′(φ)|C(f(φ)), U(φ) = 1
(f ′(φ))2
, (6)
with f ′ denoting ∂f(φ)/∂φ. When X = f(φ) = φ, we recover the original action
(2): U = 1 and V = C(X).
The equation of motion from the new action (5) is:
1
f ′2
[
φ+
(
f ′′
f ′
− C
′
C f
′
)
(∂φ · ∂φ)− C
′
C
1
f ′
]
+ (∂φ · ∂φ)φ − ∂µφ∂νφ∂µ∂νφ = 0,
(7)
where C′ = ∂C(f)/∂f . This is clear that the intersecting terms, i.e., the last two
terms, in the equation of motion remain the same for any field mapping function
f .
We will now consider the case when
f ′′
f ′
− C
′
C f
′ = 0, − C
′
C
1
f ′
= αφ. (8)
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Under these two conditions, the equation of motion (7) has a plane wave solution
φ = φ+e
ik·x + φ−e
−ik·x, k2 = α, (9)
where kµ = (k0, ~k) are the momenta and φ± are constants. For a real solution, we
require φ∗+ = φ− and φ
∗
−
= φ+. More definitely, we can express the real solution
as
φ = φs sin(k · x) + φc cos(k · x), k2 = α, (10)
where φs,c are constants. This solution describes a tachyon if α > 0, a massless
scalar if α = 0 and a massive scalar if α > 0. It is also a solution to the equation
φ+αφ = 0. But there is a difference: the solution to the equation φ+αφ = 0
can be an arbitrary combination of the solution (9) or (10) of different momenta
~k, while the solution to the equation (7) can be the solution (9) or (10) only of a
single momentum ~k. Any combination of the solution is not a solution to Eq. (7)
because such a solution cannot make the intersecting terms in Eq. (7) vanish.
The conditions in Eq. (8) are equivalent to give
C = f ′, f
′′
f ′3
= −αφ. (11)
The first condition, C = f ′, leads to the consequence that U and V in Eq. (6)
are the inverse of each other, i.e., the product U(φ)V (φ) is a constant. From
the second condition, we can determine the mapping relation f . If we can find
a potential C and a corresponding field redefinition function f satisfying the
conditions in Eq. (11), then the equation of motion from the DBI action with
the potential C has the exact solution (9) or (10) after the field redefinition f . In
what follows, we will determine the forms of C and f respectively for the tachyon
field and the ordinary scalar field.
2.1 Massless scalar
We first consider the case of α = 0, in which the relation between the massless
fields φ and X = Y must be Y = f ∝ φ and the potential must be a constant
C(Y ) = Cm. In the following discussion, we simply set Y = φ. In the DBI
effective theory, the field Y based on the solution (10) with α = 0 can be viewed
as a massless scalar that describes the fluctuation of the D-brane in a transverse
direction.
When α = 0, the equation of motion (7) reduces to
φ+ [(∂φ · ∂φ)φ − ∂µφ∂νφ∂µ∂νφ] = 0. (12)
The solutions to this equation are somewhat special. There are two kinds of exact
solutions.
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(a) The first solution is the one of an oscillating mode (9) obtained above,
which is more definitely written as
Y = φ = φ+e
ik·x + φ−e
−ik·x, k20 =
~k2. (13)
where φ∗+ = φ− and φ
∗
−
= φ+. If we take the field Y as a transverse massless
scalar, then this solution describes the oscillation of the D-brane.
(b) There is also a special solution to the equation (12)
∂µY = ∂µφ = aµ, (14)
with a2 ≥ −1 due to the positiveness of the part 1 + ∂Y · ∂Y in the DBI action.
The solution (14) can be written as Y = aµx
µ if we neglect the integral constants.
It describes a p-dimensional plane that is parameterised by {ai} (i = 1, · · · , p)
in a p dimensional space {xi} and moves with the velocity Y˙ = a0. Thus, if Y is
taken as a transverse massless scalar, this solution describes the uniform motion
of the D-brane that is inclined at an angle which is decided by the parameters ai.
If ai = 0, then the D-brane is not inclined and the solution of Y is simply of
the form
Y˙ = a0. (15)
with a20 ≤ 1. This solution is the version of the solution (14) under Neumann
boundary conditions. It is the same as the zero mode solution of a fundamental
string. Similarly, if Y˙ = 0, the solution is
∂iY = ai, (16)
which describes a fixed D-brane with no motion and fluctuation. This transla-
tional zero mode solution is the solution (14) under Dirichlet boundary conditions.
Actually, the solutions (13) and (15) in the p = 1 case respectively corresponds
to the oscillating modes and the zero mode in the mode expansions to the equation
of motion of strings: Xµ = 0. But there is difference. The general solution to
Xµ = 0 is a linear combination of the solutions (13) and (15) of all possible
momentum modes kµ and aµ, while the solution to the equation (12) is only
one of the solutions of a single momentum mode kµ or aµ. Any combination
of them is not a solution due to the existence of the intersecting terms in the
equation (12). That is, D-branes fluctuate only in a specific mode in the DBI
effective theory, while strings can fluctuate in all possible momentum modes or
their combinations.
2.2 Massive scalar
If α < 0, the field φ is a massive scalar and X = Φ. We set α = −γ2, with γ
a positive constant. To get the solution (9) or (10) of a massive scalar, the field
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redefinition function f is solved to be of the following form in terms of the second
condition in Eq. (11)
iγφ = Aeiγf +Be−iγf , (17)
where A and B are arbitrary constants. Plugging this result into the first con-
dition, we can determine the general form of the potential that can lead to the
above tachyon profile solution:
C(Φ) = C(f) = Cm
AeiγΦ − Be−iγΦ , (18)
where Cm is a constant that should be related to the tension of the D-brane.
Thus, the only possibility to give a real potential C(Φ) is that A = −B. If
setting A = −B = 1/2, we have
C(Φ) = Cm
cos(γΦ)
, Φ = f(φ) =
1
γ
sin−1(γφ). (19)
The fields vary in the ranges −π/2 ≤ γΦ ≤ π/2 and −1 ≤ γφ ≤ 1 respectively.
2.3 Tachyon
If α > 0, the field φ is a tachyon field and X = T . We set α = β2, with β a
positive constant, and solve Eq. (11) to get the general form of the redefinition
function
βφ = Aeβf +Be−βf , (20)
and the general form of the potential
C(T ) = Cm
AeβT − Be−βT , (21)
where Cm is a constant related to the tension of an unstable D-brane. Let us
take a look at two special forms of the potential (21) and the corresponding
redefinition function (20).
(a) When A = −B = 1/2, the potential (21) is
C(T ) = Cm
cosh(βT )
, (22)
which is the potential derived from string field theory in [7]. Correspondingly,
the field redefinition function (20) is
T = f(φ) =
1
β
sinh−1(βφ). (23)
(b) When B = 0, A = 1 and β > 0, the potential and the field redefinition
function are respectively
C(T ) = Cme−βT , T = f = 1
β
ln (βφ) . (24)
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Thus 0 ≤ T < ∞ as 1 ≤ φ < ∞. This is the approximate case of (i) when the
field T is large. It is straightforward to conclude that we always can get the exact
tachyon profile solution (25) for any potential with a negative and constant ratio
C′(T )/C(T ) since such a potential must be of the exponential form (24).
However, there is a problem for the exact spacetime-dependent solution (9)
or (10) of a tachyon field. For a tachyon field φ describing an unstable process,
the time-like component k0 of the solution (9) or (10) should be imaginary, i.e.,
k0 = iω with ω real. In this case, the solution (9) is a tachyon profile adopted in
BCFT [20, 7]
φ = φ+e
ωtei
~k·~x + φ−e
−ωte−i
~k·~x, ω2 + ~k2 = β2. (25)
The problem is that this spacetime-dependent solution is complex. So it is invalid
since we are considering the DBI action (2) of a real tachyon field on a non-BPS
D-brane. We need to seek real tachyon solutions.
Let us start with the DBI action (1) of a real tachyon field. Adopting the
hyperbolic potential (22) and the field redefinition relation (23), this action can
be rewritten as
L = − Cm
1 + β2φ2
√
1 + β2φ2 + ∂µφ∂µφ. (26)
In [7], this action was derived from a general effective action setup by using the
time-dependent tachyon profile. Then the field redefinition (23) was adopted to
rewrite this action in the standard form (1) of the DBI action. The equation of
motion from the action (26) is:
U(φ + β2φ) + [(∂φ · ∂φ)φ − ∂µφ∂νφ∂µ∂νφ] = 0, (27)
where U(φ) = 1 + β2φ2.
First, it is clear to see that real tachyon solutions can exist in the purely
time-dependent or the purely space-dependent case. In the former case, the field
equation (27) reduces to: φ¨ = β2φ. Its solution is a time-dependent tachyon
profile. After field mapping, we get the general solution of the field T
T (t) =
1
β
sinh−1[Tsh sinh(βt) + Tch cosh(βt)], (28)
where Tsh and Tch are constants. Thus, the solution at late time satisfies T˙ → ±1
and T¨ → 0, which is the solution (15) of a massless scalar. Another case is the
static case, in which the exact solution of φ to the equation (27) is a space-
dependent tachyon profile and so the general solution of T is
T (~x) =
1
β
sinh−1[Ts sin(~k · ~x) + Tc cos(~k · ~x)], ~k2 = β2, (29)
where Ts,c are constants. Specially, for the p = 1 case, the equation of motion
(27) reduces to φ′′ = −β2φ and the solution (29) is a general static kink solution.
Second, we can get real spacetime-dependent solutions from numerical sim-
ulations, though these simulations are incomplete due to singularities. We now
try to explain the numerical results based on the equation of motion (27). At
the beginning, the field φ is small and hence the mapping relation (23) is ap-
proximately T ≃ φ. The dynamics of the tachyon field is governed by the linear
terms in Eq. (27): φ + β2φ = 0. The general solution to this equation can be
expressed as linear combinations of the real tachyon profiles given in [19]:
T (xµ) ≃ φ(xµ) ≃
∫
d~k
(2π)p
φ(xµ, ~k), (30)
where
φ(xµ, ~k) ≃ φsh sinh(ωt) sin[~k · (~x− ~δ1)] + φch cosh(ωt) cos[~k · (~x− ~δ2)],
where ω2 + ~k2 = β2 and ~δ1,2 are constants. The solution (30) indicates that
the tachyon field evolution can start with any combination of momentum modes
−β ≤ ~k ≤ β. But longer wavelength modes (with smaller ~k2 and larger ω2)
will dominate the evolution at late time when φ grows large. Therefore, the
inhomogeneous field equation will evolve into a nearly homogeneous one at late
time since at this stage the modes with ω2 ≃ β2 and ~k2 ≃ 0 will dominate the field
evolution. Hence, the tachyon field T of a mapping of the field φ approximately
satisfies T ≃ ±t + const, i.e., T˙ → ±1 and T¨ → 0, which is consistent with the
numerical results obtained in [11, 12, 13, 14]. Of course, the short wavelength
modes (with larger ~k2) still exist at late time. They may account for the subtle
structure in the field evolution, like the singularities of caustics around troughs
near the vacuum that was spotted in [11, 12, 13, 14].
3 Energy-momentum tensors of ordinary scalars
on D-branes
In this section, we calculate the energy-momentum tensors from the exact real
solutions of massless and massive scalars, which are valid. The exact solution
of the tachyon field (25) is complex and so it does not lead to the valid energy-
momentum tensor. In next section, we will present the energy-momentum tensor
of the tachyon field obtained in previous work and compare it with those of
massless and massive scalars derived here.
The energy-momentum tensor in the DBI effective theory (2) is given by
Tµν(X) = C(X)
[
∂µX∂νX√
1 + ∂X · ∂X − ηµν
√
1 + ∂X · ∂X
]
, (31)
One can prove that the energy-momentum tensor of the field φ is equal to that
of X , i.e., Tµν(φ) = Tµν(X).
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3.1 Massless scalar
For the solution (13) of an oscillating massless scalar Y , we have ∂Y · ∂Y = 0
since the solution of Y is of a single momentum mode in the DBI theory. So its
energy-momentum tensor is
Tµν = Cm(∂µY ∂νY − ηµν). (32)
It is made up of two parts, one from the oscillation of Y and the other from the
tension of the D-brane. Given a non-zero momentum, the pressure can be zero
for some specific field values Y . It is easy to prove that this energy-momentum
tensor is conserved: ∂µTµν = 0 for a massless scalar Y with the solution (13). Its
components satisfy
Tµ
µ = −(1 + p)Cm, (33)
for a Dp-brane.
We have checked the above results of the energy-momentum tensor of a scalar
field in the DBI effective theory with constant potential through numerical simu-
lations. Starting with random initial conditions, the scalar field indeed fluctuates
with time going, with the energy density fluctuating around some positive value
and the pressure fluctuating around some negative value. Thus, the pressure of
the massless scalar in the DBI theory is different from that in ordinary field the-
ory. It has a negative contribution from the tension of the D-brane, as indicated
by Eq. (32), which makes it be negative.
For the solution (14) of a uniformly moving scalar Y , the energy-momentum
tensor is
Tµν = Cm
[
aµaν√
1 + a2
− ηµν
√
1 + a2
]
, (34)
which is constant and hence obeys the conservation law. Its components satisfy
Tµ
µ = −Cm
[
1√
1 + a2
+ p
√
1 + a2
]
, (35)
for a Dp-brane.
As we discussed in the previous section, for a Dp-brane with zero inclined
angle ai = 0 (or a D-particle), the massless scalar solution is the one (15). The
components of the energy-momentum tensor from this solution are
T00 =
Cm√
1− a20
, Tii = −Cm
√
1− a20. (36)
The expression of the energy density is analogous to that for a particle in rela-
tivity: m = m0/
√
1− u2, where the effective mass m is like the energy density
T00, the rest mass m0 is like the tension Cm of the Dp-brane and the velocity
u = a0. However, the expression of the pressure is different from that for ordi-
nary particles. In what follows, we will consider this energy-momentum tensor
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in two limits: (i) When the Dp-brane is at rest with a0 = 0, the energy density
and the pressure are respectively
T00 = −Tii = Cm. (37)
with ωi = Tii/T00 = −1. This means that the Dp-brane with no fluctuation and
motion is in the vacuum. But, the pressure of this static D-brane (or D-particle)
is negative. By contrast, ordinary particles at rest are pressureless; (ii) When
the Dp-brane moves at the critical speed a0 → ±1, the energy density and the
pressure are respectively
T00 →∞, Tii → 0. (38)
with ωi = 0 if Cm is positive. Thus, the D-brane moving at the critical speed is
pressureless, which is also different from the result for ordinary particles.
Another special case is the solution (16) with a0 = 0. For simplicity, we
take the parameter a1 in the x1 direction to infinity a1 → ±∞, but keep other
components aj (j = 2, · · · , p) vanishing. So the D-brane is now perpendicular
to the x1 direction and the components of the energy-momentum tensor at the
origin x1 = 0 are
T00 = Cm
√
1 + a12 →∞, T11 = − Cm√
1 + a12
→ 0, Tjj = −Cm
√
1 + a12 → −∞,
(39)
with ω1 = 0 and ωj = −1. The results can be understood as follows: the energy
density blows up at x1 = 0 and the pressure along the x1 direction vanishes
because the D-brane is now perpendicular to x1, making it look like a soliton
in the x1 direction; The result ωj = −1 means that the D-brane is still in the
vacuum, but is now perpendicular to x1 and parallel to all other coordinates xj .
Obviously, the D-brane with a1 = ±∞ is one dimension fewer than the D-brane
with a1 = 0 because the former does not extend along the x
1 direction.
3.2 Massive scalar
We note that the quantity c = ∂φ · ∂φ − γ2φ2 for a massive scalar with the real
solution (9) or (10) is a constant, which is c = −4γ2|φ+|2 = −4γ2|φ−|2 for (9)
and c = −γ2(φ2s + φ2c) for (10).
With this negative constant c, we now can derive the energy-momentum tensor
of a massive scalar with the real solution (9) or (10)
Tµν =
Cm√
1 + c
[
kµkν
γ2
− 1 + c
cos2(γΦ)
(
kµkν
γ2
+ ηµν
)]
. (40)
Note that 1 + c ≤ cos2(γΦ) = 1 − γ2φ2 for the solutions (9) and (10). Thus,
the energy density T00 is positive. Similarly, the energy-momentum tensor is
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conserved ∂µTµν = 0 and its components satisfy
Tµ
µ = − Cm√
1 + c
[
1 +
p(1 + c)
cos2(γΦ)
]
, (41)
on a Dp-brane. We can see that the pressure along the xi direction can be
zero only when the massive scalar Φ takes some specific values: cos2(γΦ) =
(1 + c)(k2i + γ
2)/k2i for 0 < |ki| < γ. When |ki| = 0 or γ, the pressure is never
zero. This result is also different from that in ordinary field theory of massive
scalars, where the massive scalars are pressureless when their momenta are zero.
Numerical simulations also indicate that the scalar field in the DBI effective
theory with the potential given in Eq. (19) evolves with oscillating modes. The
corresponding energy density fluctuates around some positive value, while the
corresponding pressure fluctuates around some negative value and is generically
non-zero.
4 The fate of tachyon
From a series of analysis in BCFT [16, 6] and in effective theories [6, 11, 12, 14], we
have leant that the tachyon field evolves into a pressureless state at late time. It
is suggested that some unknown “tachyon matter” accounts for this pressureless
state. Other study [11, 12] reveals that the equation of motion from the DBI
effective action reduces to 1 + ∂T · ∂T ≃ 0 at late time, which implies that the
tachyon field should behave as non-interacting relativistic particles at this stage.
However, as we have learnt from the analysis in the previous section, the
pressure of massive scalars in the DBI effective theory is not zero generically
for any possible momenta, which is different from ordinary field theory. Thus,
the massive matter should not account for the pressureless “tachyon matter”.
Meanwhile, we also learnt that we could achieve pressureless state when massless
scalars on D-branes had some special zero mode solutions. In what follows, we
will argue that the tachyon field in different regions behaves as a massless scalar
of these zero modes at late time.
4.1 Kinks
As indicated by the approximate solutions at late time obtained in [8, 14], the
tachyon field at kinks is always zero, satisfying T˙ = 0, and the tachyon field
around kinks is linearly dependent on the spatial coordinate, i.e., T ′ = const.
This linear dependence relation is more accurate in regions closer to the kinks.
Towards the end of condensation, the kinks become infinitely thin and the field
gradient becomes infinitely large. Thus, T ′ = const should be accurate at late
time. This result also applies to the field around defects in the multi-dimensional
decay case.
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We now analyse the perturbation behaviour of the defects. Around defects,
the perturbation is T ≃ τ since T = 0 at defects. If we adopt the potential (22),
the dominating terms of the perturbation equation are (e.g., see [14])
τ + β2τ = 0. (42)
The general solution of this kind of equation has been given in Eq. (30). From
this solution in the p = 1 case, we can determine that the perturbation satisfies
τ˙ = 0 and τ ′ = const → ±∞ at exactly the kinks at late time when the kinks
tend to be infinitely thin. Hence, only the translational zero mode can exist at
the end of condensation. This implies that T˙ = 0 and T ′ = const→ ±∞ should
be an accurate solution at kinks and anti-kinks towards the end of condensation.
Let us look at the energy momentum tensors at kinks. Following the discussion
in [14], we consider that the decay of a non-BPS Dp-brane happens only in the
x1 direction. Then the decay process is described by the condensation process
of a tachyon field T (t, x1) that is inhomogeneous along the x1 direction but is
homogeneous along other directions xj (j = 2, · · · , p). As mentioned, the local
field gradient around (anti-)kinks T ′ → ±∞ towards the end of condensation,
where the prime denotes the spatial derivative with respect to the x1 coordinate.
In this limit, the energy density and pressure at kinks are respectively, as given
in [14]
T00 = Cm
√
1 + T ′2 →∞, T11 = − Cm√
1 + T ′2
→ 0, Tjj = −Cm
√
1 + T ′2 → −∞,
(43)
with ω1 = 0 and ωj = −1.
As we can see, the late time behaviour of the tachyon field at kinks and anti-
kinks, T˙ = 0 and T ′ = const → ±∞, is analogous to that of a massless scalar
of the solution (16) with a0 = 0, ai → ±∞ and aj = 0. The energy-momentum
tensor of the latter is given in Eq. (39). As we have analysed, this solution
describes a stable D-brane with one fewer dimension who is perpendicular to the
x1 coordinate and is in the vacuum, with no motion and fluctuation. This is
consistent with the descent relation between unstable and stable D-branes. It is
straightforward to extend the conclusion to the multi-dimensional decay case.
In [15], this point has also been obtained. It is found that the dynamics of
defects of translational zero modes could be precisely captured by the DBI theory
with a constant potential, which describes a stable D-brane. Here we specify what
this stable D-brane exactly looks like based on the study of the massless scalar
solutions in the DBI theory.
4.2 Near the vacuum
As the tachyon approaches the vacuum, the potential C(T ) and the quantity
1 + ∂T · ∂T both tend to zero, which make it hard to study the final product
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of tachyon condensation in the vacuum. Sometimes we adopt the perturbation
method to analyse the dynamics of the tachyon field near the vacuum.
It is known that the tachyon field in the DBI theory (1) at late time evolves
into a nearly homogeneous field, with T˙ ≃ ±1. Thus, we can make the separation
of the following form
T (t, xi) = T0(t) + τ(t, x
i). (44)
where τ is the perturbation around a homogeneous tachyon field T0(t) and i =
1, · · · , p. Inserting this into the equation of motion (3), we can get the perturba-
tion equation, which yields that [14]
1 + ∂T · ∂T ≃ 2τ˙ − (∇τ)2 → 0, (45)
as T˙0 → ±1 and T¨0 → 0. This approximate equation has also been verified by
numerical simulations in [14]. It can explain well the behaviour of the perturba-
tions τ , as shown in numerical simulations, and explain why and how caustics
form. The relation 2τ˙ = (∇τ)2 indicates that the perturbation “freezes” at ex-
trema where ∇iτ = 0 but increases in other regions away from extrema, which
leads the field curvature around peaks to flatten while that around troughs to
steepen with time. This means that the curvature of the field around troughs
will blow up towards the end of condensation, forming caustics. As pointed out
in [8], the singularities of caustics may signal the breakdown of the DBI effective
theory in describing the behaviour of second and higher derivatives of the tachyon
field. Therefore, in this paper, we do not discuss the behaviour of tachyon around
troughs, but only consider the behaviour around peaks, where the perturbations
behave as τ˙ → 0 and ∇iτ → 0 towards the end of condensation, i.e.,
∂µτ → 0. (46)
Thus, the perturbations around peaks are of zero modes, which means that the
tachyon field around peaks has the following exact solution:
T˙ = T˙0 = ±1, ∇iT = 0. (47)
as T → ±∞.
In this limit, the energy density and pressure around peaks are obtained in
[14], which are respectively
T00 ≃ C(T )√
1− T˙ 2
→ const, Tii ≃ −C(T )
√
1− T˙ 2 → 0. (48)
This result is consistent with that obtained in BCFT [16, 6], in which it is found
that the tachyon field at late evolves into a pressureless state with finite energy
density. In determining the energy density in Eq. (48) in [14], we adopted the
hyperbolic potential (22) and showed that, for this potential, C(T )/
√
1− T˙ 2
tended to some constant as T → ±∞ and T˙ → ±1.
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We can see that the tachyon field around peaks with the exact solution (47),
perturbed in the way of Eq. (46), can be viewed as a massless scalar of the solution
(15) with a0 = ±1 and ai = 0. It has the same zero mode solution as a string
moving with a critical velocity. Moreover, this particular massless scalar solution
(47) obviously satisfies the approximate equation of motion 1+∂T ·∂T = 0, which
is usually thought of a description of the free streaming of massive relativistic
particles [11, 12].
However, the components of the energy-momentum tensor (48) are not exactly
those of the energy-momentum tensor (38) from the massless scalar solution (15).
It seems that the energy-momentum tensors (48) corresponds to the one of a
massless scalar with a constant potential C0 that tends to zero:
Tµν = lim
C0→0
C0
[
aµaν√
1 + a2
− ηµν
√
1 + a2
]
, (49)
with a0 → ±1 and ai → 0. To get the same components of the energy-momentum
tensor as given in Eq. (48), we require that limC0→0 C0/
√
1− a20 tends to a con-
stant as a0 → ±1. In the following section, we shall find what is the origin of
this diminishing constant C0.
5 Modification of the tachyon potential
As we have learnt from the above discussion, it seems that the obstacle to deter-
mining the fate of the tachyon field in the DBI theory (1) is that the vacuum of
this theory is located at C(T ) = 0. Then we can ask how the tachyon behaves at
the end of condensation if we increase the potential C(T ) with a constant shift
C0 ≥ 0, with the action (1) becoming
S = −
∫
dp+1x[C(T ) + C0]
√
1 + ηµν∂µT∂νT . (50)
In this action, the modified tachyon potential is still a run-away form and so
the tachyon field will roll down off the top to the minimum C0. Thus, at the end
of the condensation, the DBI action (50) becomes a DBI action with a constant
potential C0, which describes a massless scalar on a stable D-brane, as discussed
in Sec. 2.2. In other words, the tachyon field in the DBI action (50) will behave
as a massless scalar at the end of condensation. Since this result is true for an
arbitrarily small value C0, we can expect that it should still be true in the limit
C0 = 0. We shall argue this point in detail below.
In the homogeneous case, the equation of motion from the action (50) is
T¨ = − C
′
C + C0 (1− T˙
2). (51)
15
Multiplying T˙ on both sides, we get
C(T ) + C0√
1− T˙ 2
= E, (52)
where E is a positive constant, corresponding to the energy density. This equation
is also the expression of the conserved energy density. To start the rolling of the
tachyon, the initial value of T˙ should be non-zero and so E should be E > Cm+C0.
Towards the end of condensation as C(T )→ 0, we have
T˙ → ±
√
1− v2 and T¨ → 0. (53)
where the constant v is
v =
C0
E
. (54)
Thus, |T˙ | < 1 at late time if C0 6= 0.
Next, we consider the inhomogeneous case with a small C0. It can be proved
that the dynamics around kinks is almost unchanged in the DBI theory with a
modified potential. The potential around kinks is approximately Cm + C0 ≃ Cm.
In order to study the behaviour near the vacuum, we do the separation given
in Eq. (44). One can derive the equation of motion from the action (50) and then
derive the full perturbation equation
[T¨0 − g(T0)(1− T˙ 20 )] + [τ¨ + 2g(T0)T˙0τ˙ − (1− T˙ 20 )∇2τ ] + (55)
[g(T0)τ˙
2 − (g(T0)− T¨0)∇τ · ∇τ − 2T˙0(∇τ · ∇τ˙ − τ˙∇2τ)]
−[(∂τ · ∂τ)τ − ∂µτ∂ντ∂µ∂ντ ] = 0,
where
g(T0) = − C
′
C + C0 |T=T0 (56)
The zero order terms of this perturbation equation are:
T¨0 = g(T0)(1− T˙ 20 ). (57)
This equation is the same as Eq. (51). Thus, its solution is T0 → ±
√
1− v2 and
T¨0 → 0 towards the end of condensation.
When C0 = 0, g(T0) ≃ β for the potential (22), T˙0 → 1 and T¨0 → 0 for
positive T0 at late time. The perturbation equation (55) after simplification has
been given in [14]. It leads to the equation (45): 2τ˙ − (∇τ)2 ≃ 0 and so the
perturbations around peaks behave in the way shown in Eq. (46): ∂µτ → 0
towards the end of condensation.
When C0 6= 0, g(T0) → 0, T0 → ±
√
1− v2 and T¨0 → 0 at late time. In this
limit, Eq. (55) becomes
[τ¨ − v2∇2τ ]− 2T˙0(∇τ · ∇τ˙ − τ˙∇2τ)− [(∂τ · ∂τ)τ − ∂µτ∂ντ∂µ∂ντ ] = 0, (58)
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Obviously, there are two kinds of exact solutions to this equation. (i) The first
possible solution is
τ(t, xi) = F (vt− ~q · ~x) or τ(t, xi) = G(vt+ ~q · ~x), ~q2 = 1, (59)
where F and G are arbitrary functions. This solution of τ describes an oscillating
wave with the propagating velocity v. Not that this solution can only be of a single
moving mode due to the existence of the intersecting terms in the perturbation
equation (58). This is different from ordinary wave equation where only the
terms in the first square bracket in Eq. (58) exist, to which the solution can be
any combinations of the moving modes F and G. (ii) Besides the above solution
of an oscillating mode, the massless scalar solution (14) ∂µτ = const is also a
solution to Eq. (58).
As v → 0, the solution (59) of an oscillating mode fade out but the special
solution ∂µτ = const can still exist. On the other hand, for the action (1) with
C0 = 0, the perturbations around peaks behave as ∂µτ = 0 approaching the
vacuum, as discussed in the previous section. Therefore, the results obtained in
the two approaches are consistent. From this comparison, we can know where
the conjectured expression of the energy-momentum tensor (49) comes from.
Since the solution (59) is of a single moving mode, we have τ˙ 2 = v2(∇τ)2.
Thus, when C0 ≪ Cm or v ≪ 1, τ˙ 2 is very small compared to (∇τ)2 and the
quantity towards the end of condensation
1 + ∂T · ∂T ≃ v2 − [2τ˙ − (∇τ)2]. (60)
This implies 1 + ∂T · ∂T will decrease to some non-zero values of the order v2,
fluctuating around the value v2. Hence, in the DBI theory (50), it is expected to
produce no caustics towards the end of condensation (actually this is proved by
our preliminary numerical simulations).
6 Discussion and conclusions
We have shown that the equation of motion of a general scalar field from the DBI
effective action admit exact classical solutions. The solvability depends on the
selection of the potentials and the field redefinition relations. A feature of these
exact solutions is that they can only be of a single momentum mode due to the
existence of the intersecting terms in the equation of motion.
For a tachyon field, the obtained spacetime-dependent solution is complex
and so is invalid. But, based on the equation of motion after redefinition, we can
explain why the inhomogeneous tachyon field approaching the vacuum evolves
into a nearly homogeneous field, with the approximate solution |T˙ | ≃ 1.
For massless and massive scalars, the exact solutions can be real. So these
solutions can lead to valid energy-momentum tensors, which indicate that the
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pressure of oscillating massless and massive scalars is generically non-zero for
any possible momenta. Hence, massive matter in the DBI theory should not
account for the pressureless “tachyon matter” forming at late time.
Based on the analysis of the energy-momentum tensor, we suggest that the
pressureless state of the tachyon field at late time actually corresponds to a
massless scalar of zero modes. At kinks, the tachyon behaves as a massless scalar
of translational zero modes describing a stable D-brane residing in the vacuum.
Near the vacuum, the tachyon behaves as a massless scalar with the same zero
mode solution as a fundamental string which moves uniformly with a critical
velocity.
If the tachyon indeed behaves as a massless scalar at the end of condensation
in the DBI theory (1) with a runaway tachyon potential, then this implies that the
ground state of open strings attached to unstable D-branes becomes the massless
state from the original tachyonic state when the unstable D-brane decay into a
stable one, which is consistent with the descent relation between unstable and
stable D-branes. Actually, this point is clearly seen by considering a DBI effective
theory with a modified tachyon potential, in which we found that the singularities
of caustics might be cured.
Finally, we try to use the results obtained to construct a consistent configu-
ration of the physical process at the end of condensation. From the Hamiltonian
formalism of the DBI theory, a pair of equations describing the dynamics of the
“tachyon matter” near the vacuum (one of which is 1 + ∂µT∂
µT ≃ 0) have been
obtained by taking the limit C(T )→ 0 [6]. Obviously, the exact solution T˙ = ±1
given in Eq. (47) automatically satisfies both equations. In this formalism, the
velocity of the “tachyon matter” is defined as uµ = −∂µT . If the exact solu-
tion (47) of the tachyon field indeed represents some fundamental strings moving
with a critical velocity (it can be taken as the speed of light), then this forms
a consistent picture at the end of condensation, as stated in what follows. It is
clear that the solutions on the left and right hand sides of a kink are respectively
T˙ = −1 and = 1. Thus, they correspond to some fundamental strings moving
respectively with the velocities u0 = −T˙ = 1 and −1, which means that these
strings on both sides of a kink are moving towards the stable D-brane residing at
this kink. Meanwhile, as discussed in [15] and the references therein, the positive
spatial gradient at a kink means that the stable D-brane at this kink is “ab-
sorbing” these fundamental strings. Hence, these two processes are consistent.
With the same analysis, it is straightforward to know that an anti-D-brane at
an anti-kink is “radiating” fundamental strings that are moving outwards this
anti-D-brane at the speed of light on both sides.
This is analogous to a system made of static particles with positive and nega-
tive charges. The forces between the newly born D-branes and anti-D-branes are
mediated by “photons” of zero modes, i.e., the zero-mode fundamental strings.
By contrast, radiation “photons” are usually of oscillating modes. They can ex-
ist at the end of condensation in the DBI theory (50) with modified tachyon
18
potential.
Acknowledgements
I would like to thank M. Hindmarsh for useful discussions.
19
References
[1] Ashoke Sen. Bps d-branes on non-supersymmetric cycles. JHEP, 12:021,
1998.
[2] Ashoke Sen. Descent relations among bosonic D-branes. Int. J. Mod. Phys.,
A14:4061–4078, 1999.
[3] Mohammad R. Garousi. Tachyon couplings on non-bps d-branes and dirac-
born-infeld action. Nucl. Phys., B584:284–299, 2000.
[4] Ashoke Sen. Tachyon dynamics in open string theory. Int. J. Mod. Phys.,
A20:5513–5656, 2005.
[5] E. A. Bergshoeff, M. de Roo, T. C. de Wit, E. Eyras, and Sudhakar Panda.
T-duality and actions for non-bps d-branes. JHEP, 05:009, 2000.
[6] Ashoke Sen. Field theory of tachyon matter. Mod. Phys. Lett., A17:1797–
1804, 2002.
[7] David Kutasov and Vasilis Niarchos. Tachyon effective actions in open string
theory. Nucl. Phys., B666:56–70, 2003.
[8] James M. Cline and Hassan Firouzjahi. Real-time d-brane condensation.
Phys. Lett., B564:255–260, 2003.
[9] Neil Barnaby, Aaron Berndsen, James M. Cline, and Horace Stoica. Over-
production of cosmic superstrings. JHEP, 06:075, 2005.
[10] Mark Hindmarsh and Huiquan Li. Perturbations and moduli space dynamics
of tachyon kinks. Phys. Rev., D77:066005, 2008.
[11] Gary N. Felder, Lev Kofman, and Alexei Starobinsky. Caustics in tachyon
matter and other born-infeld scalars. JHEP, 09:026, 2002.
[12] Gary N. Felder and Lev Kofman. Inhomogeneous fragmentation of the rolling
tachyon. Phys. Rev., D70:046004, 2004.
[13] Neil Barnaby. Caustic formation in tachyon effective field theories. JHEP,
07:025, 2004.
[14] Mark Hindmarsh and Huiquan Li. Inhomogeneous tachyon condensation.
JHEP, 06:050, 2009.
[15] Ashoke Sen. Dirac-born-infeld action on the tachyon kink and vortex. Phys.
Rev., D68:066008, 2003.
[16] Ashoke Sen. Tachyon matter. JHEP, 07:065, 2002.
20
[17] Ashoke Sen. Rolling tachyon. JHEP, 04:048, 2002.
[18] Ashoke Sen. Time evolution in open string theory. JHEP, 10:003, 2002.
[19] Finn Larsen, Asad Naqvi, and Seiji Terashima. Rolling tachyons and decay-
ing branes. JHEP, 02:039, 2003.
[20] N. D. Lambert and I. Sachs. On higher derivative terms in tachyon effective
actions. JHEP, 06:060, 2001.
21
